The orientation of a space satellite may change due to the actuation of an attached manipulator. Such a motion is subject to the non-integrable and, therefore, nonholonomic constraints induced by the angular momentum conservation. Some of the previous literatures proposed methods to produce a desired change of the satellite orientation by controlling the attached manipulator. These methods treated the point-to-point control problem mainly and, thus, one cannot apply them to the path-tracking problem. This paper discusses the path-tracking problem of an arbitrary trajectory of 9-dimension, which consists of 6-dimension for the manipulator joints and 3-dimension for the satellite orientation. The main scenario is that since such a trajectory is generally infeasible, we search for a feasible motion that approximates the desired trajectory within a designated margin. We name the motion \the spiral motion."
A free-ying space robot is subject to the momentum and angular momentum conservation laws. It is well known that the angular momentum conservation law is nonintegrable and, therefore, nonholonomic 4 . Since the momentum conservation law forms a set of holonomic constraints, the generalized coordinates of a free-ying space robot consist of the those for the satellite orientation and those for the manipulator congurations. Therefore, a freeying space robot with a 6 DOF manipulator, for example, has nine generalized coordinates. Generally, it is impossible to follow an arbitrary given nine dimensional trajectory of the generalized coordinates with only the manipulator joints' motion, if an orientation control device such as a CMG is not equipped on the satellite. However, it was shown that a freeying space robot without a orientation control device is locally controllable 4 . This fact implies that though it is impossible to follow an arbitrary given trajectory, it is possible to reach an arbitrary point in the generalized coordinates starting from an arbitrary initial point, only if the nonholonomic constraints are carefully considered in planning and control. Although we assume it from pure technical point of view, there are various possible advantages for the system without any special orientation control device: (1) One may consider the case of malfunction or break-down of the device. (2) One may wish to minimize the use of the device, if it consists of thrusters that use limited and expensive fuel. (3) Even when the device consists of wheels, one may nd frequent or continuous actuation of wheels takes too much electricity. (4) The future designer of small space robot services may choose not to have such a heavy and bulky device if a robot can live without it.
The motion control of free-ying space robots has two major problems as a consequence of nonholonomic constraints. (1) Path planning, and (2) feedback control have been already studied in depth for the conventional xed-base manipulators. They are, however, not as intuitive for the free-ying space robots as those for the xed-base manipulators.
The path planning of the xed-base manipulators needs to consider only the environmental constraints which are commonly holonomic and, therefore, geometric, while that of the freeying space robot requires one to take account of the nonholonomic, namely, dierentialgeometric constraints in addition to the environmental ones. This what leads to the fact that many of intuitive path planning algorithms developed for robots with holonomic constraints become inapplicable. Vafa et al. 7 proposed a method to minimize the disturbance of satellite orientation by cyclic motions of a manipulator. Nakamura et al. 4 proposed a method of nding a solution by using a Lyapunov function and called it a \bidirectional approach." Senda et al. 8 obtained a trajectory using a neural network. Akiyama et al. 9 obtained an optimal trajectory for planar 2-link robots and 3D 3-link robots using nonlinear programming method. Yamada 10 used the variational method to nd a closed trajectory of manipulator joints that generates an arbitrary change of satellite attitude.
The feedback control of free-ying space robots is dicult in particular since they fall in the class of a nonlinear system that is not stabilizable with smooth and static feedback control law 11 . Only a few works have been published on this issue. Sampei et al. 12 proposed feedback stabilization of a simple free-ying space robot.
In this paper, we propose a method to approximate an arbitrary nine dimensional trajectory that is planned rather intuitively without taking account of the nonholonomic constraints, by introducing a spiral-like perturbation around the 9D trajectory. The perturbation is determined by carefully considering the nonholonomic constraints. One of the advantage of this approach is that the already developed path-planning algorithms for the conventional robots can be tied to a nonholonomic path-planning algorithm. This what divides the large path-planning problem into two subproblems, one of which considers only the environmental constraints and the other takes care of the nonholonomic ones. The spirallike perturbation is designed around the six dimensional components that correspond to the end-eector motion, such that it causes an appropriate change of the remaining three components. It is a theoretical feature that the method approximates an arbitrary trajectory in the 9D generalized coordinates with an arbitrary small non-zero error. The method can be extended to free-ying space robots with a manipulator of higher degrees of freedom and with multiple manipulators, in a straightforward manner. Another advantage is that the spiral motion restores the conguration of the system to the desired at each end of the period and limits the deviation from the desired conguration within an arbitrary designated margin.
3 The Spiral Motion
The Concept
First, we would like to explain the concept of spiral motion rather intuitively, before describing the detailed discussion. We consider a satellite and a 6 DOF manipulator on it. Although there could be more the degrees of freedom of the manipulator, we would like to limit the focus of this paper on this minimum but common situation. When the attitude control device of the satellite is not used, the whole system is represented by 9 generalized coordinates, (6 of the manipulator joints and 3 of the satellite orientation) being driven by 6 joint actuators.
The 6 generalized coordinates of the manipulator may be represented by the position and orientation of the end-eector except for the singular cases. When an arbitrary trajectory is given for the 9 generalized coordinates to trace, it is generally infeasible with 6 joint actuators. Umetani et al. 3 proposed to follow the end-eector trajectory disregarding the satellite orientation. The satellite will have 1 n as a side-eect that depends on the nominal end-eector motion u n (t). Yamada 10 computed a optimal closed path of the joint space that yields the designated change of the satellite orientation and minimizes the radius of the closed path. It will also be possible to nd a closed path u c (t) of the end-eector which changes the satellite orientation into the designated conguration.
A simply addition of these paths u n +u c traces a single-turn spiral-like path. The radius of u c is referred to as the spiral radius of u n +u c . The corresponding satellite orientation change becomes nearly 1 n + 1 c although this simple addition is not exact due to nonlinearity. If we divide u n into small parts and nd a closed path of the end-eector for each of them, the spiral becomes multi-turn and the spiral radii get smaller, which is explained in the section 4.4. In this way, we would be able to nd the closed paths such that the trajectory of the satellite orientation approximately follows an arbitrary given one. The resultant motion of the whole system caused by the multi-turn spiral end-eector motion, is considered an approximation of an arbitrary given 9-dimensional trajectory of the end-eector coordinates u n and the satellite orientation d that is physically infeasible in general. It is noteworthy that the smaller the division of the end-eector path becomes, the more the spiral radii reduce and the better the approximation becomes. From this point of view, it would be possible to approximate a given 9 dimensional trajectory with arbitrary specied non-zero error. If the given desired trajectory includes temporal requirements, the approximation with smaller radii results in larger velocity along the path since the length of path to trace in the given time becomes larger. In the sections that follow, we formulate this problem mathematically, and develop the computational scheme of the minimal spiral motion, where the exact nonlinearity is to be taken into consideration.
Generalized Coordinates
Yamada 10 takes the manipulator joint coordinates q and the satellite orientation as generalized coordinates, and computes a closed path of q that generates the desired change of after a cycle. This problem was solved as an optimization in the Euclidean space R 6 of the joints. Since the trajectory control of an end-eector is important in practice, we consider generalized coordinates are physically equivalent except for the singularity cases.
We use the Euler parameters as an expression of orientation. We briey summarized the denition and properties of the Euler parameters in Appendix A.1. Since we take u as generalized coordinates instead of q, our trajectory planning problem lies not in an Euclidean space R 6 but in a non-Euclidean space R The satellite orientation velocity is expressed in terms of the joint angle velocity from the angular momentum conservation law as follows 4, 10 :
On the other hand, the relationship between the end-eector velocity and the joint angle velocity satises the following equation 3, 4 : _u = J _q (2) When the number of the manipulator joints is 6, u and q are dieomorphic except for the singular points. Since we use the Euler parameters as the orientation elements, u has 7 coordinates and J is a 726 matrix. We represent the orientation by 4 coordinates. However the minimum required dimensions are three, the orientation space is non-Eucledean and has several singular points with only 3 coordinates. We adopt the Euler parameters, since it represents the orientation by 4 coordinates with a constraint that its norm equals 1 and there has no singular point in its space. Consequently, our coordinates are expressed by more coordinates than required. When the Jacobian J is full-rank, the solution _ q for a physically consistent _u is obtained as follows:
Adopting the dierential form 2 , the equation of motion of the whole system is obtained from Eqs. (1) and (3) as follows:
In section 4.1, we yield an approximate closed trajectory for a single-turn spiral motion connecting the start and end points of the desired trajectory. Then, we describe in section 4.2 a method nding a locally optimal solution about the approximate solution obtained in section 4.1. In section 4.3, we describe a method for searching the exact solution of the spiral motion. Finally, we state a method for computing a multi-turn spiral motion in section 4.4 to obtain the solution for the arbitrary given non-zero allowance of approximation. Yamada proposed a variational method to nd a optimal solution taking joint coordinates as the space for trajectory planning 10 . In this paper we take the R 3 2 S 3 space of endeector position and orientation as the space for trajectory planning and express it with 7 variables using Euler parameters. As the computational algorithm of optimization, we adopt the Yamada's method.
Single-Turn Spiral Motion
We derive the formula of closed trajectory motion that results in an arbitrary change of satellite orientation, by using the dierential form and Lie bracket. The desired trajectory x d is generally infeasible. We express the nominal motion of the end-eector along the desired trajectory as u n (t) (X _u 0 X n _u n )dt
Adopting the dierential form, Eq. (7) 
The rst term of Eq. (9) implies the change of generalized coordinates due to the closed trajectory motion. The second term means the eect due to the u n . In the case that the desired trajectory is suciently short, u n can be considered small. On the other hand, in the case that the spiral trajectory is suciently near to the desired trajectory, nearly equals n . In both cases, the second term in Eq. These are the additional constraints to be satised when we carry out our optimization in where D deotes a 7 2 7 tensor whose (i; j) element is dened as
Note that the satellite orientation change is expressed in terms of Lie brackets of column vectors of X and since the lower part of x is the input u itself, the lower parts of x c and D ij is equivalently zero. It is rather simpler formulation of the eect than that of Yamada's.
Computation of Single-Turn Spiral Motion
There are many solutions of the closed trajectory u c . We choose one that minimizes a certain criterion in this section. . Namely, we disregard constraints of Eq.(13) between lower four components of u. This allows us to use Yamada's algorithm as it is. We briey summerized it in Appendix B for the readers' convenience. At the end of this subsection, we show that the optimal solution thus obtained automatically satises the constraints of Eq.(13). D in Eq. (14) is a fairly complex function of a and b. The Yamada's algorithm assumes that the integrands of Eqs. (6) and (15) are constant and invariant to a and b. The error due to this assumption will be corrected at the next section when we compute the exact solution. Therefore, x(t 0 + 1t) can be represented from Eqs. (6), (7) and (14) 
The partial derivatives in Eq.(19) are obtained by numerical dierentiation. This needs some consideration because are the Euler parameters and are constrained on a unit 4D hypersphere. We proposed a method of numerical dierentiation with Euler parameters in Appendix A.2. To summarize the above procedure, we calculate a single-turn spiral motion as follows:
(1) Let u n = u d (t), then calculate 1 n . For any choices of L in W , the optimal solution thus obtained automatically satisfy the constraints of Eq.(13).
Searching for an Exact Solution
The previous solution is no more than an approximate solution because 1 n and D are calculated only by initial condition and the eect of u n for c is not considered. Searching for the exact solution, we rst calculate the motion of the space robot using the approximate solution and calculate 1. Then we search for an exact solution by iterative calculation with Newton's method.
where the second term of the right side is calculated using a Therefore, the exact solution follows the desired trajectory.
Multi-Turn Spiral Motion
Previously, we proposed the single-turn spiral motion, which connects the start and end points of an arbitrary 9D trajectory. However, if the environment of a space robot is surrounded by obstacles, the space robot should avoid them. In this subsection, we propose the \multi-turn spiral motion" which enables one to approximately follow an arbitrary 9D trajectory with an arbitrary margin. Therefore, the larger the spiral pitch (that is, faster the spiral frequency) is, the smaller the spiral radius is.
We describe a method to solve a multi-turn spiral motion by imposing d :
(1) Set n 
Go to step (2).
A multi-turn spiral trajectory approximating the desired trajectory within the spiral limit can be solved by the above procedure. We illustrate the procedure in Fig.1 .
Since the spiral perturbation is determined repeatedly, at each cycle, it can be designed to reduce the motion error generated or accumulated in the previous cycles. This implies the method, if computed in real-time with faster computers in the future, is suitable as a feedback control method.
Computer Simulation
The lengths, mass, and inertia matrices of the satellite and each link of the space robot are assumed as given in Table 1 , where the 0-th link denotes the base satellite. The arrangement of each link and joint is given in Fig.2. The satellite (link(0) ) is a cylinder of which radius is 2[m] and height is 1[m] represented as 2 in Fig.2 and Table B.1. The positions of the center of gravity of each link are assumed at the geometric center of the link.
The initial state of the space robot is q = (=3; 0=3; =3; 0=3; =3; 0=3) T [rad] with the conguration of Fig.2 as the origin. The desired trajectory of the end-eector is to move it for 1 second at the constant speed 0.5[m/s] in the positive x-axis direction and to maintain its orientation. And that of the satellite orientation is to maintain the satellite orientation. The initial conguration and the desired trajectory are given in Fig.3 , where the broken line stretched from end-eector denotes the desired trajectory. Figure 4 shows the satellite orientation variation in response to the end-eector desired trajectory without spiral motion. The solid, broken and chain line denotes the 3 vector elements of Euler parameters in the order. Figure 5 shows the same motion every 0.2 [s] .
The results of single-turn spiral motion are shown in Figs.6-8. In Fig.6 , the solid line denotes the end-eector coordinate x variation, the broken and the chain line denotes y and z. The dotted lines denote each desired trajectories. Figure 7 shows the satellite orientation variation. Figure 8 illustrates the motion every 0.2 [s] .
The Figs.9-11 correspond to the multi-turn spiral motion when the spiral radius limit d sets 0.1 [m] . Figures 9 and 10 , similar to Figs.6 and 7, show the end-eector coordinate variation and the satellite orientation variation. Figure 11 illustrates the motion, where we plotted only the trajectory of end-eector position. The satellite with solid line denotes the nal state and that with broken line denotes the initial state. Note that the satellite makes small uctuation in Fig.10 while making multi-turn spiral motion.
From Figs.4 and 5, it is seen that the satellite orientation would be subject to a great disturbance when following the end-eector desired trajectory. When spiral motion is applied, a trajectory connecting the start and end points is obtained as in Figs.6-11 . Especially, in Figs.9-11, the infeasible desired trajectory is approximated with the desired spiral radius. If the spiral limit d is chosen smaller, one can get a multi-turn spiral motion with better approximation. Since is inversely proportional to d 2 , the motion becomes much faster in this case.
Similar simulations are done for all three axes of x, y and z and showed almost similar results. The computational time by Sun SPARC station 10 is shown in Table 2 for each case of none, single-turn, and multi-turn spiral motion.
Eects of Singularity
In the course of computer simulation, we found that for some desired trajectories there are cases where the searching convergence to the exact solution becomes very slow. It turned out that it happens when the system passes by the neighborhood of a singular point in the trajectory. We investigated the relationship between singularity and convergence of the solution with spiral radius in the cases of multi-turn spiral motions in Figs From Fig.12 , we can see that after the condition number becomes larger near t = 0:7[s] and t = 0:9[s], the spiral radius and the number of iterations becomes larger suddenly near expect the error to be resolved in the step afterward. The convergence that actually resulted was worse, since a larger orientation error had to be resolved in the following steps. This what seems the reason that the number of iterations tends to be large at the end of motion after the neighborhood of singular points. The sigularities would also reduce the accuracy of the calculation particularly for small spiral radii. The resolution of this problem belongs to the open problem. In a practical sense, the spiral radii should be maximized within the designated margin.
Conclusion
Space robots cannot realize arbitrary motion of the manipulator and the satellite only by actuation of manipulator joints. The following are made clear from this study:
(1) We proposed a method to approximate infeasible motions by spiral-like perturbations around the desired trajectory of the end-eector, with an arbitrary non-zero maximum allowance.
(2) We formulated a change of satellite orientation with end-eector trajectory in the non-Euclidean space R 
